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ABSTRACT 

The main goal of this paper is a study of the centers of the generic central 
simple algebras with involution. These centers are shown to be invariant fields 
under finite groups in a way analagous to the center of the generic division 
algebras. The centers of the generic central simple algebras with involution are 
also described as generic splitting fields (i.e. function fields of Brauer-Severi 
varieties) over the centers of generic division algebras. Finally, a generic 
central simple algebra is described for the class of central simple algebras with 
subfields of a certain dimension. 

Introduction 

Let R = R(F,  n, k) be the ring of generic matrices over an infinite field F, 
viewed as follows. Form the polynomial ring S = F[x~O I 1 < i, j < n and 
1 < r < k]. Let X r E M , ( S )  be the matrix with ( i , j )  entry x~0. R is the F 
subalgebra of M,(S) generated by the "generic" matrices Xr. As is well known, 
R is a domain with a central quotient ring UD(F, n, k) which is a division ring, 
and can be viewed as a subring of Mn(K) where K is the field of fractions of S. 
The algebra M,(K)  has two well known involutions, called the transpose and 
skew involutions, which will be explicitly defined in the first section. Let T, S 
denote these involutions respectively. We define R r = Rr(F,  n, k) c_ Mn(S) to 

be the F algebra generated by the X's and the Xr's. We make a similar 
definition for RS(F, n, k). Both R r and R s are prime rings with central simple 
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rings of quotients UDr(F, n, k) and UDS(F, n, k) respectively. Obviously, R r 

and UD r are closed under T, while R s and UD s are closed under S. It is known 

that the UD's are division rings when n is a power of 2, and that, in any case, 
they are "generic central simple algebras with involution". 

The main goal of  this paper is a study of the centers Zr(F, n, k) and 
ZS(F, n, k) of UD r and UD s respectively. In the first section, these centers are 

shown to be invariant fields under finite groups in a way analagous to the 

known description (due to Procesi [P]; see also [F] whose treatment we have 

followed) of  the center, Z(F, n, k), of  UD(F, n, k). In the second section, the 

field extensions Zr(F, n, k)/Z(F, n, k) and ZS(F, n, k)/Z(F, n, k) are shown 

to be certain generic splitting fields, that is, to arise from the function fields of 

Brauer Severi varieties. In particular, Z s can be viewed as a subfield of  Z T and 

Zr /Z  s is a rational (purely transcendental) field extension. 

In the third section, the ideas of the first section are used in a slightly 

different setting. In that section, a generic division algebra is described which 

is generic for the class of division algebras with a subfield of a certain 

dimension. Its center is also described as the invariant field of  a finite group. 

Let us mention some notation and definitions. We will say A/F is a central 
simple algebra when A is simple and finite dimensional over its center the field 

F. An involution J :  A ---A which fixes F is  said to be of transpose (skew) type if 

the following holds. Let L ___ F be a splitting field for A. Then there are matrix 

units for A @r L such that J @ I is the transpose (skew) involution with respect 

to those units. All involutions of a central simple algebra are of either 

transpose or skew type, and not both. If U is any commutative ring, let Mn (U) 
denote the ring of n × n matrices over U. If ~ : U --- V is any ring homomor- 
phism, let Mn(~u):M~(U)---M~(V) denote the induced homomorphism of 

matrix algebras. 

For n > 1 any integer, let S~ be the symmetric group on n elements. If G is 
any group, let G' = G ~) • • • ~) G be the n fold direct sum ofG.  S~ acts on G' by 
permuting the direct summands and we can define the wreath product G I Sn as 

the semidirect product of  G' and Sn. In section one, we will be especially 

interested in B~ = $2/S~ and B~ = (Z/4Z) S~. In section three, we will 

encounter Sa I Sb for any a and b. 

Section One: Splitting fields and Galois groups 

Let F be a field of characteristic zero, let V be an n-dimensional vector 
space over F and let ( , ) be a nondegenerate bilinear form on V which 
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is either symmetric or skew symmetric. If  n = 2p is even, then V has a basis 

e, . . . . .  ep, f~ . . . . .  fp such that, for all i, (e,-, f )  = __. (f,-, e~) = 1 and all other 

products of basis elements are zero; and if n = 2p + 1 is odd, then V has a 

basis e l , . . . ,  ep, f b . . . ,  fp, g such that, for all i, (e~, f~) = (f~, ei) = (g, g)  -- I 
and all other products of basis elements are zero. (If n is odd there is no 

nondegenerate skew symmetric form on V.) This bilinear form and basis 

induce an adjunction on n × n matrices in a standard manner. Explicitly, if  

A = (a~j) has adjoint B = (b~j), then 

bu = 

ai+p,i+p 

"~- a j_p, i+p 

-~- aj+p,i_ p 

a j - p , i - p  

i f l < i , j < p  

i f l  < i < p , p +  1 < j < 2 p  

where the signs depend on whether the inner product is symmetric or skew; 

and if n -- 2p + l, then bnj = aj +_ p.n, bi,~ = a~.i +_ p and b~.~ = an.~, for 1 _-< i, 
j _-< 2p. This adjunction will be regarded as an invo lu t ion . ,  and can be 

extended to n X n matrices over any extension field o fF .  When it is necessary 

to distinguish, we will denote • as T in the symmetric case and S in the skew 

case. 
Now fix an integer k > 1. Let R be the F-algebra generated by the k generic 

n × n  matices X t , . . . , X K E M , ( F [ x ~ ' ) ] )  together with their adjoints 
X * , . . . ,  X~. R is a prime p.i. algebra with involution and so it may be 
embedded in a quotient ring Q by Posner's theorem. Q is a central simple 
algebra with involution, but it will be a division algebra only if n is a power of 

2. Let C be the center of  R, Z the center of  Q. Z is the field of  fractions of  C. 
When necessary, we will use the more precise notation of Z = ZS(F,  n, k)  or 

Z = Z r ( F ,  n, k). Our main result in this section is that Q is split by a rational 

function field L with G a I ( L / Z )  = B, .  This affords a fairly explicit description 

of  Z.  

The first step is to make a "change of model", i.e., to replace R with an 

algebra isomorphic to it which will prove easier to work with. Let S t , . . . ,  SK be 

generic symmetric n × n matrices and K~ . . . .  , KK be generic skew symmetric 

n × n matrices. For example, we could take Si = X~ + ~ and K~ = X~ - X* for 
all i = 1 , . . . ,  k. Now R ~F[S~ ,  . . . .  Sk, K~ . . . .  , Kk] and we shall use the two 

interchangeably. The following two lemmas provide a less obvious isomorphic 
image of  R. 

i fp  + 1 < i 2 p ,  1 < j  < p 

i fp  + 1 < i , j  < 2p 
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LEMMA 1.1. Let K~ be a generic skew symmetric n × n matrix. Then Kt has 

distinct eigen values and so is diagonalizable. 

PROOF. Without  loss of  generality we may take K1 to be X1 - X*. 

I f  the l emma were false then K~ would  satisfy some monic  degree n 

polynomial  f ( x )  which had multiple roots in some extension field. Also, if  

(~:F[x~)]--L is any F -homomorph i sm,  then ¢(K0 would also satisfy f (x) .  
Let 21 . . . . .  2p be independent  indeterminants  and define ~ : F [ x ~ ) ]  --- 

F ( A l , . . . , 2 p )  by ¢(x~))=O if  i ~ j  or i = j > p  + 1  and ~(x,-,-)=2i if  

l < i = j ~ p .  Then if  n is even ~(K~) is the diagonal matrix 

d iag(2~ , . . . ,  2 p , -  2 1 , . . . , -  4p) and if  n is odd  then ¢~(K1) is the diagonal 

matrix d i ag (41 , . . . ,  ; % -  41 . . . . .  - 4 p ,  0). In either case ~K~) satisfies no 

degree n equat ion with multiple roots and the lemma is proven.  

We define G to be the group {A E GL(V) [ (A v, Aw) = (v, w)  for all 

v, w E V}, possibly over an extension field o f F .  So G is either the symplectic 

group Sp(n) in the case • = S or orthogonal group O(n) in the case * = T. 

LEMMA 1.2. Let K~ be a generic skew symmetric matrix and G as above. 
Then there exists A ~ G such that AK~A - t is a diagonal matrix. 

PROOF. Extending scalars, let v ~ , . . . ,  vn be a basis o f  eigenvectors for K~ 

with eigenvalues 41 . . . . .  4n. Since ( , ) is non-degenerate,  for each vi there is 

at least one vj with (v~, vj) ~ O. We now calculate 

2~(v~, vj) = (2~vi, vj) = (K~v~, vj) = (v~, K*vj) 

= (v,, - K~vj) = (v,, - 4jvj) = - 4j(v,, vj). 

Hence  4i = - 4j. 
I f  n = 2p  is even then, since the eigenvalues are distinct, we may  enumerate  

the eigenvectors as vt . . . . .  vp, w~ . . . . .  wp where Klv~ = 4~v~ and Klw~ = - 4~w~. 
By the above calculation and a normalizat ion we may conclude that (vi, w~ ) -- 

+ (w~, v~) = 1 and all other  products  o f  basis elements are zero. N o w  ifA is the 

change-of-basis matrix f rom {el, • • •, ep,fl . . . . .  fp} to {vl . . . . .  vp, W I . . . . .  Wp} 
then A preserves the inner product  and AKA - 1 is diagonal. 

The case of  n -- 2p  + 1 is entirely similar. In this case the new basis will be 

v~, . . . .  vp, w ~ , . . . ,  wp, z and z will correspond to the eigenvalue zero. We omit  

the details in this case. 

Let A be a generic skew symmetr ic  diagonal matrix, 

A = diag(41 . . . .  ,4~, - 41 . . . . .  - 4p) or diag(4~ . . . . .  4p, - 4 ~ , . . . ,  - 4~, 0). 
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Let R '  = F[A, K2 . . . . .  Kk, Sl . . . ,  Sk] be the algebra gotten from R by replac- 

ing/(1 by A, let Q' be the quotient ring of  R '  and Z '  the center of  Q'. The 

following is known, but a reference is diffcult to find. 

THEOREM 1.3. There is an F-isomorphism from R to R '  preserving . .  

Hence Q is isomorphic to Q' and Z to Z'. 

PROOF. Let A be as in the previous lemma. Since A E G, (ABA- l ) ,  = 

AB*A - ~ for any matrix B. It is now easy to see that ARA - l ~ R' .  

Hence we may replace R by R '  for the remainder of  this section without 

affecting the properties of  Z. Before we can discuss Z directly we need to 

construct some Bn modules. 

LEMMA 1.4. (a) B, may be embedded in O2, and OEn + i. 

(b)/~n may be embedded in Sp2~. 

(c) Let H c B, be the subgroup ((hi . . . . .  h,; id)[ h i , . . . ,  h, E 2 Z / 4 Z ) .  
Then B , / H  ~ B,.  

PROOF. (a) We identify Bn with a set of  permutations of  the basis 

(e~ . . . . .  e,, f~ . . . .  , f~). Define Y via Y(e~) -- f / a n d  r(f~) = ei, i = 1 , . . . ,  n. 

Then B, is isomorphic to the set of  permutations of  (el . . . . .  e,, fl . . . .  , f~ } 

which commute with Y. Explicitly, if e i , . . . , e ~ E Z / 2 Z  and t r 6 S ,  so 

(el,. • . ,  e n ; ¢~) ~ Z / 2 Z  ~ S~ = B~ then (el, . . . ,  e~; tT)ei = Y~o,,,eot~ ) and 

(el . . . . .  t~; a ) S  E Y~o~"fotgj. Each such permutation can be extended by linearity 

to all of  V, fixing g in the odd case. This gives the desired embedding. 

(b) Let Y: V-~ V be given by Y(e~) = f, and Y(f~) = - ei, i = 1 . . . . .  n. 
Note that y4 = I. As above, the action of/~n = Z / 4 Z  I S~ on V is defined by 

( g l , . . . ,  g~; tr)ei = Ygo~,,eoti ~ and (gl . . . .  , g~; a)f l  = Yg~"foti). Again we leave to 

the reader the verification that this gives an embedding o f / ~  into Sp(V). 

(c) Identifying Z / 2 Z  with 2 Z / 4 Z  we m a p / ~  onto Bn via (g~ , . . . ,  g~; tT) 

(2gi, . . . .  2gn; tT). The kernel will be H.  

The significance of  belonging to Sp or O lies in the following familiar lemma. 

LEMMA 1.5. Let T be either a generic symmetric matrix or a generic skew 

symmetric matrix with entries { Y~ } , and let A ~ G. Then there is a well-defined 
automorphism ofF[  Y~] gi yen by: for all (i, j )  the (i, j)-entry o f  T is mapped to 

the (i,j)-entry o f  ATA - 

PROOF. It is only necessary to check that if the ( i , j )-entry of  Tequals plus 

or minus the (i', j ' )-entry then the (i, j)- and (i'-, j ')-entries ofA TA -l will also 

be equal or inverse. If T* = + Tthen, since A* = A - i, (ATA - i ) .  = +_ ATA - i. 
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But, since T is generic among symmetric or skew symmetric matrices, T 

specializes to A TA - 1 and so relations among the entries of  T also hold among 

the entries of ATA - 
At this point we need to distinguish between the cases in which the inner 

product used to define R is symmetric or alternating. We handle the symmetric 

case first. 

Enumerate A, S~, X2, X~, Xk, X~ as UI, U:k and let ul0 denote the • ' ' ,  " ' ' ,  i j  

( i , j )-entry of Ur, i , j  = 1 , . . . ,  n, r = 1 . . . .  ; 2k. These entries are not all 

distinct or even all nonzero. Let M be the (multiplicative!) group generated by 
all nonzero products u !q.)u!r~.). • U (r'v) (Note that there are m equalities of  V~ll, l  2 v'1213 " imll " . 

<"~ • u~'7~ is a monomial in the (i,, i,) entry of U,, . . .  U, .  We indices.) This ui,~2 • • 
claim that M is a module over Bp where p = [n/2]. If a ~ Bp we can think of  a as 

a matrix A E On as in Lemma 4(a) or as an element of the symmetric group S2p 

identifying {e~, . . . ,  6 ,  f ~ , . . . ,  fp} with {1 . . . . .  n}. Now define cr(u~ ')) - - the  

(i, j)- entry ofA U,A - i. It is easy to verify that AetjA - i __ eo~.oj and so A takes u~ r) 
to u~or!oj. We claim that this gives a well-defined action of Bp on F[u~O]ij.,. The 

issue involved in proving that this action is well-defined is that the letters u~ ') 

are not all independent by virtue of the relations 

(1) U~* = - U,, U* = U2, 

(2) U2, -- U~+I, r = 1 . . . . .  k - 1, 
(3) U~ is diagonal. 

However, since Bp _ O~, conjugation by Bp preserves the involution and so 

preserves (1) and (2) and the corresponding relations among the u.c:) ~ / . ]  • 

Moreover, since a(u!~]) = ~o,,oj"t!), the operation will permute the zero entries of 
Ui amongst themselves. And so the action is well-defined. The permutation 
definition of the action also makes it clear that F ( M ) C  FtutO~. the field I - - x ~ O  I # , J , r ,  

generated by F and M, is a faithful Bp- submodule. 

A bit more is true: if r is any element of R and if f - -  the (i, j )-entry of  r, then 
o ( f )  = the (i, j )-entry of ArA- l 

The symplectic case is more subtle. The module M is defined as above. Since 

Bp _ Spn, n = 2p, we may define a/~p action on F(u~ r)) by conjugation as 

above. 

The embedding of/~p into Sp, described in Lemma 4(b) has the property that 

if the linear transformation A E Sp~ corresponds to an element of  Bp then A 

takes each basis element to plus or minus another basis element. Hence there is 

a permutation cr E Sn such that AeijA- l = _+ eo~,oj. To describe the sign, con- 

sider the case in which Y(e~) = f~, Y(f~) = - e~ and Y acts as identity on all 

other basis elements. Then, in Ye o Y -~= +_ eo(j)o(k) the sign will be minus 
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precisely when one of  the indices j ,  k corresponds to the basis element f,-. 

Hence, if such a Y acts on an element of M the sign will be plus, since each 

index occurs an even number of  times. Likewise, if any element of  Bp acts on 

any element of  M the sign will be positive. And it follows as before that 

F(u~r))i,j,r is a well-defined Bp module and that M is a submodule. Note, 

moreover, that elements of  H are represented by diagonal matrices and so act 

trivially on elements of M, which are diagonal entries. Finally, if 

(gl . . . . .  gh; or) ~ H, then tr ~ id or some gi ~ 2Z. If  g; ~ 2Z then the correspond- 

ingA takes ei to + f~(o and if it(i) ~ i then the corresponding A takes e~ to + e,, 

or + f,; and so A will not act trivially on M by conjugation. 

We have now proven the following basic lemma: 

LEMMA 1.6. Let (Ul, . . . , U2k) = (A, Si, X2, X*, . . . , Xk, X~) and write u~ ") 

for the (i,j)-entry o f  U,, Let M = the abelian group generated by all products o f  

(") (r2) " (") Then there is a well-defined, faithfulaction o f  Bp on M. the form Uili2 Ui2i3 " " " U i . u t .  

The main theorem of this section is 

THEOREM 1.7. F(M) n, = Z,  the center o f  Q. 

In order to prove this theorem we require one more lemma. 

LEMMA 1.8. Let 

A=diag(2~ . . . . .  2 p , - - 2 1  . . . . .  --2p) or d i a g ( 2 ~ , . . . , 2 p , - 2 ~ , . . . , - 2 p , 0 ) .  

Then the degree o f  Z(21 . . . . .  2p) over Z is <= 2Pp!. 

PROOF. Consider the inclusion fields Z __. Z ( 2 2 , . . . ,  22) c_ Z(2t . . . . .  2p). 

The degree of the second inclusion Z(2L . . . .  ,2p)/Z(2~ . . . .  ,22) is < 2 p. For 

the first extension note that, by the Cayley-Hamilton theorem det(xI - A)E  
Z[x]. And, det(xI - A) = II,~_ t (x 2 - 42) or x 1-I,e_, (x 2 - 42) so 1-I,~_ ~ (x 2 - 22)~ 

Z[x]. Therefore the degree of  Z(2~2,..., 2p 2) over Z is < p!. The lemma 

follows. 

PROOF OF THEOREM 1.7. Since Bp acts on R by conjugation all central 

elements are fixed and so Z c_ F(M)S,. 

Now let 2 = Z(2~ . . . .  ,2p) he as in the previous lemma. We claim that each 

of  the primitive idempotents eta, • • . ,  enn is contained in Q ®z 2 .  If  n = 2p is 
even and i _-< p then 
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e, = (A + 2~I) 1-I (A - 2jI)(A + 2jI)/22, H (#  - 22). 
j ~ i  j # i  

The case o f p  + 1 < i ~ 2p is similar with the factor o f (A + 2~I) replaced by 
(A - 2J).  If n = 2p + 1 is odd, then for i < 2p the above formulas are 

modified by multiplying the fight hand sides by a factor of  A/hi and 

e,, = (A - 2~)(A + 2~) H ( - 22). 
i ~ l  I 1 " ~  

Moreover, u~Oeij = eiiX(')ejj ~ Q ® 2 and so each 

ul,~). . . u!~r,)eia, ft. Q ® 2. Ill2 

If  the indices i~ , . . . ,  im contain all o f  the integers 1 . . . . .  n then, since each 

(") .u(r-)IEthe center of  Q ~ C ' ,  which (~') • u%)e .. ~ Q ~ C we have uia~ ,.,, Uili2"" lmlM 1il i " "  

equals C. But every element o fMis  a quotient of  such terms and so F(M) c_ ~. 

Now consider the inclusions 
Z c_ F(M) n, c_ F(M) c_ Z.  

By Galois theory deg(F(M)/F(M)n,)= O(Bp)= 2 p. p! But, by the preceding 
lemma deg(Z/Z) =< 2 p. p! and hence Z = F(M) n, and 2 = F(M). 

COROLLARY 1.9. Q is split by F(M), with Galois group GaI(F(M)/Z) = Bv. 
Hence, every simple algebra with involution of  first kind and dimension n 2 is 
split by a subgroup of B r 

QUESTION. If Q is a simple algebra of dimension n 2 and prescribed 

exponent k < n in the Brauer group is it possible to draw any conclusions 
about the splitting fields for Q and their Galois groups? 

We conclude this section with a calculation of  the transcendence degree of Z 
over F. In order to do this we need the following straight-forward lemma 
which we state without proof. 

LEMMA 1.10. Let F(g~ . . . .  , g,) be a purely transcendental field extension 
ofF. Suppose M is a subgroup of the multiplicative group generated by the gi's. 
Let L be the subfield of F ( g , . . . ,  g,) generated by F and M. Then the 
transcendence degree of L/F equals the rank of  M. 

THEOREM 1.1 1. (a) I f  the in volution # of  transpose type then tr.deg( Z / F) = 
(k - 1)n 2 + ("2+t). 
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(b) I f  the involution is o f  symplectic type then t r . d e g ( Z / F ) - - ( k -  1)n2+ 

n2/2 - n/2. 

PROOF. (a) Assume n is even. Since F ( M )  is a finite extension of  Z ,  

tr.deg Z = tr.deg F ( M )  = rank M.  In order to calculate the rank of  M we 

define two subgroups A, B _ M with the properties 

(i) A N B - - ( 1 ) ,  

(ii) rkA = (k - 1)n 2 + nZ/2 + 1, r k B  = n/2 - 1, 

(iii) A + B = M .  

To define A, first let K be the free abelian group generated by the alphabet 

{2,}?_, tO {x~r' [ i , j =  1 . . . .  , n ,  r =  2 . . . . .  k }  

tO {so}~j_, tO {s o ]i = p + 1 . . . .  , 2 p ,  j = l, 2 , . . .  , j -  p }  

t O { s o l j = p +  l . . . . .  2p ,  i = 1 , 2  . . . . .  j - p } .  

These last three sets record the entries of  S without  repetitions. Let T = the 

free abelian group on {t, . . . .  , t,} and construct a homomorph ism ~" K ~  T 

via ..,jr!r) ~ -,.Jtt- i , s~j ~ titj- ' and 2, ---- 1 , for all i, j ,  r. Then A will be the kernel of  

~. It is clear from the definition o f  M that  A C_ M.  Moreover, since 0 has 

cokernel of  rank 1 it follows that  the rank of  A = r a n k ( K ) - n  + 1 = 
(k - 1)n 2 + n2/2 + 1. 

g ~ ( 2 ) v ( 2 )  ~. p . The subgroup B is defined to be the subgroup generated by ~-~,i ---~ + r,i + p J,-~. 

To simplify the notat ion we will denote x~ 2) as x 0 for the remainder  of  this 

proof. Since x,+p,~+p is the (i, 1)-entry of  X*, x,~x,+p,~+p~M. B is a free 

abelian group o f r a n k p  - 1 = n/2 - 1. To see tha tA tq B = (1), consider 0(B). 

Each ~) (X l iX l+p , i+p)  -~- t~t~+pt,-'tT+~, i = 2 . . . . .  p.  No nontrivial product of  

these is 1 since they involve distinct letters, and since A = ker ~ this implies 

that  A f~ B = (1). 

Finally, we show that  A + B = M.  First 

X i l X i  + p,l + p = ( X i l X l i ) ( X i  + p,l + lsXl + p,i + p)(XlbXl + p.i + p)  - I ~ h  "~- B .  

Next, for all i , j  < p,  xoX~+pj+ p E A  + B and xo+pX~+pa~A + B. For 

( x . x o x j O ( x ,  + p., + pX, + ~,j + pxj + ~,, + ~) 
XijXi  + p,j + p = 

and 

__ ( X l i X i , j  + pXj  + p,I + pXI  + p;i + pXi + p , jXj , I )  
Xi, j  + pXi + p,j - -  

(XliX , +p,i + p)(Xj + r,i + pXy,) 
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Now, in K 

and 

x(r) OCLJ+P'~J+P'i)=.?C modA + B 
t.O 

i,j+p = xj,i+p - -  j,~.p 
(xj,i + , x j  + ,,i) 

(r) 
v'(r)  = .X ( X i ' ~ - P ' J + P ) C 3 ~ - P ' i  + P ) = . X "  --i+p,j+p ji . . - -  j,, m o d A + B .  

(X' j i ) ( ' j  + p,i  + p )  

Similarly X J r , ? + p ~ - . ~ - X i , j + p  and xJ;,~xi+p,j+p. Note that x!~)+p is the 

(j, i + p)-entry of  X*, ,.(r) is the (j, i)-entry of X*, etc. So, for all (i, j) ,  "~i + p , j  + p 

the ( i , j ) -entry of  X* is congruent to the (i , j)-entry of  X2, modulo A + B. And 

the same is true for the entries of S. 
Consider any of the generators of M ,  u! r'?,,!r? _ tr.) For each u !r) if re is "'lbl2 v~12~13 * * * Uim,il " lala+ 1 ' 

odd so that Ur. is A or Xs, s = (re - 1)/2 we leave it as it is; and ifr .  is even > 2 

we use the preceding calculation to replace - (~') with the corresponding entry / / / . " .+  t 

of  X2, x~..io÷,, modulo A + B. The resulting monomial is in A and so M _ A + 
B. This completes the calculation in this case. 

I fn  = 2p + 1 is odd this argument can be repeated with the following minor 

modifications: K, the free group on the alphabet will have rank (k - 1)n 2 + 
2p 2 + 4p + 1. And so the group A will have rank (k - 1)n 2 + 2p 2 + 2p + 1. 

The group B will be generated by :x  (2)~,12) },e=2 U ix! 2)~,12) a Again, one I. i "" l + p ,i + p t l n ""  l + p ,n J " 

may show that A + B = Mand ,  since rank (B) = p, 

r a n k ( M ) = ( k -  1)n2+ 2p 2+ 3p + l = ( k -  l )n2+ (n +2 1). 

(b) The argument in the symplectic case is the same as in the transpose type 

case, with n = 2p even. The only change involved is that si,i+p - = si+p,i = 0 
for i = 1 . . . . .  p and so the alphabet has 2p = n fewer letters. Hence the rank 

of M will be n less, as claimed. 

Section Two: Involutions and generic splitting fields 

In this section we give the promised description of Zr (F ,  n, k) and 

ZS(F,  n, k) as field extensions of  Z(F,  n, k). In order to do this, we must draw 

a connection between involutions and certain minimal right ideals. This 

connection is the heart of  this section, so it should be mentioned that it is 

implicit in, and we obtained it from, an unpublished proof of  Tamagawa's of  

Albert's theorem on involutions. 

Let B / F  be any central simple algebra of  degree n over the field F. For the 
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moment,  let F be an arbitrary field of  characteristic not 2. The algebra 

B @eB --(by definition) B" has an automorphism z defined by T(a t ~ b ) =  

b @ a. Of  course, z has order 2. By [KO] p. 1 12 (result attributed to Goldman), 

there is an a ~ B "  such that the following holds. First, af la -~= z(fl) for all 
fl ~ B" and a 2 __ 1. In addition, let L _ F be any splitting field of B. We may 

write B @ e L  ~EndL(V) for V an L vector space. Then B " @ r L  can be 

identified with EndL(V®L V) and the image of a in EndL(V@ V) is just the 

map c~(v@ w) -- w @ v. 

If F[a] is the subalgebra of B" generated over F by a, then F[a] is 

isomorphic to F ~ F. In other words, if e = (1 + 00/2, then e is an idempotent 

and F[a] = Fe + F(1 - e). Also, if we set B' = {fl ~ B "  ] T(fl) = fl}, then B' is 

obviously the centralizer in B" of a. That is, B' is the centralizer of  e and so 

B' = eB"e + (1 - e)B"(1 - e). We write 

B l = e B # e  and B2 = ( 1 - e ) B ~ ( 1 - e ) .  

Since eB"e ~--Ends.(eB") and similarly for 1 - e ,  the Bi are central simple 

algebras Brauer equivalent to B" = B @~- B. We compute the degree of  the Bi 

in the next lemma. 

LEMMA 2.1. B~ has degree n(n + 1)/2 and B2 has degree n(n - I)/2. 

PROOF. Let L _ Fbe  a splitting field forB,  so that B t~ rL  can be identified 
with EndL(V) for V an L vector space. Also B " @ e L  can be identified with 

EndL (V ¢~L V). Now Bt @F L m e(B" ® L)e m EndL (e(V @ IO). Similarly, 

B2@FL ~-- (1 - e)(B" ¢~L)(1 - e) ~ EndL((1 - e)(V¢~ V)). 

Given the above description of a as a map a : ( V @  V ) - ' ( V ®  V), it is clear 
that e(V @ V) is the vector space of  symmetric tensors and (1 - e)(V @ V) is 

the space of antisymmetric tensors. Thus e(V @ V) has dimension n (n + 1)/2 

and (1 - e)( V @ V) has dimension n(n - 1)/2. This proves the lemma. 

While the above argument is still fresh, let us use the above machinery to 

investigate r invariant fight ideals of  B" = B ® B. 

LEMMA 2.2. Let R'C_ B" be a right ideal o f  dimension n 2 and assume 

r(R')  = R'.  Then R" ~ B'  = R is a right ideal o f  B '  = B~ ~)B2, R c_ B~ or 

R c_ B~, a n d R  has dimension n(n + 1)/2 or n(n - 1)/2 respectively. 

PROOF. Let L _ F be as above and make the same identifications. Then 

there is a unique one dimensional L subspace W _c V ~  V such that R ' L  c_ 
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EndL ( V ® V) is exactly { fl ] fl has image in W}. Since r (R') = R' ,  a(W) = W. 
Since a 2 = 1, the map a restricted to W is either the identity or the - 1 map. 
Thus W cc_ e ( V ®  V) or W c_ (I - e)(V@ V). It follows that (1 - e)R'L = 0 
or eR'L = 0. Hence R ' N  B ' = e R ' e  or ( 1 -  e ) R ' ( 1 - e )  and only one is 
nonzero. If  ere  ~ (0) then 

e(R'L )e = {f lEEndz(e (V@ V))[,O(e(V@ V)) c_ W} 

and so R has dimension n(n + 1)/2 over F.  A similar argument holds if 
(1 - e)R'(1 - e) # (0) and the lemma follows. 

In an unpublished proof, Tamagawa used T invariant idempotents  to prove 
Albert's theorem on involutions. We next take that proof  and extend it slightly 
to get the relationship we desire between involutions and minimal  right ideals. 

Let J :  B ~ B be any involution of B fixing F. Define L(J)  to be the left ideal 
of  B " =  B ® B  generated by all elements of the form (b @ 1 ) -  (1 ®J(b)) 
where b EB.  Now set R'(J)  to be the right annihilator of L(J)  in B", and 
R(J) = R'(J) f') B'. 

THEOREM 2.3. (a) L(J)  is a left ideal o f  B" of  dimension n 4 - n 2 over F. 
(b) R'(J)  is a right ideal o f  B"  of  dimension n 2 over F. 
(c) R(J )  cc_ Bi or R (J )  cc_ B2 and has dimension n(n + 1)/2 or n(n - 1)/2 

respecti rely. 

(d) R ( J) cc. Bl i f  and only i f  J is of  transpose type and R ( J) CC_ Be i f  J is o f  skew 
type. 

(e) The mapping J---,R(J) is injective. An ideal R Of Bl or B~ of  the right 
dimension is o f  the form R ( J) i f  and only i f  the following holds. For all b E B, 
(b ® 1)R = (0) implies that b = O. 

PROOF. Let B ° be the opposite algebra of  B. We can consider J to be an 
isomorphism J: B - -  B °. Then 1 ~ J: B ® B - -  B ~ B ° maps L (J)  onto the left 
ideal, L,  generated by all elements o f B  ® B  ° of the form b ® 1 - 1 ® b .  But L 
is the kernel of  the surjection # : B @B ° ~ B defined by/ l (a  ® b) -- ab. Thus 
L,  and hence L(J), has the desired dimension. This proves (a) and (b) 
immediately follows. Next observe that since J has order 2, L (J) is z invariant. 
Thus  R'(J) is • invariant. By 2.2, part (c) follows. 

We next do a part of(e). Suppose (b ® I)R(J)  = (0) for some nonzero b EB .  
Then B " ( b ~ 1 ) cc_ L ( J). But if (Zb~b ® cj ) E B " ( b ® 1),  then 

Y. ((b,b @c,) - (1 @c,J(b)b,))EL(J),  

so Z(1 ®c~J(bb~))EL(J). Since B is simple, this implies that 1 ® B  c_ L(J)  and 
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is a contradiction. We have shown that if (b ® 1)R(J)= (0), then b = 0. In 
particular, J(b) is the unique element of B such that ((b @ 1) - (1 @J(b)))R(J) -- 
(0). This proves the injectivity part of (e). 

To show the rest of (e), suppose R _ B, or B2 is of the right dimension and 
( b ~  I)R =(0)  implies that b =0 .  Choose f ~ R  such that f B ' = R .  The 
map b -~(b ¢~ 1)f is an injection. Let L _ F split B and apply the identifica- 
tions of the proof of Lemma 2.1. Then fconsidered as an endomorphism of 
e ( V ~  V) or (1 - e)(V~ V) has rank one. Thus considering f a s  an endomor- 
phism of V ~  V, it also has rank one. Finally, we can conclude that B"fhas 
dimension n: and so B " f = ( B ® l ) f .  Since z ( f ) = f ,  ( l ~ B ) f = B " f =  
(B ~ 1)f. We conclude that for any b EB,  there is a unique J(b)~B such that 
((b ~ 1) - ( 1 ~ J(b))f  = 0. Applying z to both sides of this equation shows that 

J(J(b)) = b. Finally, 

((ab)® 1 ) f =  ((a @ 1)(b @ 1) ) f=  ((a ~ 1)(1 ~J(b)) ) f  

= ((1 @J(b))(a ~ 1)) f=  ((1 ®J(b))(1 ®J(a)))f= (1 @J(b)J(a))f. 

Thus J(ab) = J(b)J(a) and J is an involution. It is clear that R = R(J) and so 
(e) is proved. 

In order to prove (d), again choosefER(J) such that R(J) = fB'. Then L(J) 
is the left annihilator of f. Define F:B--,'B' by setting F(b)=  
[(b @ 1) + (1 @b)]f. Obviously, F is F linear and F(B) C__ B'f. But 

((a ¢~b) + (b ® a ) ) f =  ((1 ®b)(a ® 1) + (b ® 1)(l ®a)) f  

-- ((1 ®bJ(a)) + (bJ(a)@ 1))f, 

so it follows that F(B) -- B'f. Observe that R(J) c_ Bi if and only i f f~Bi.  Also, 

B ' f =  B J i f f E B i .  The kernel of F is 

{bEB I ( ( b ~ l )  + ( l ~ b ) ) f = O }  = {b~B I J(b)= - b}. 

This kernel is then the space of skew symmetric elements of B with respect to J, 
and we call this kernel B a. If R(J)C_B,, then B ' f=B ,  f has dimension 
n(n + 1)/2 and so B a had dimension n(n - I)/2. Similarly, i f  R (J) c_ B2, B a has 
dimension n(n + 1)/2. Since J has transpose or skew type if and only ifB a has 
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dimension n ( n -  1)/2 or n ( n  + 1)/2 respectively, part (d) and the whole 

theorem is proved. 

Underlying the above result is an isomorphism of varieties, which we will 

now describe. Let GL(B) be the variety of linear isomorphisms of  B. The set of  

involutions form a (Zariski) closed subspace of GL(B), since the conditions of 

antiautomorphism, order 2, and fixing F are closed conditions. Let In  denote 

this closed subspace, which we can think of  as a scheme with the reduced 

induced structure. Let F~ and I12 be the Brauer Severi schemes of B I and BE 

respectively. That is, the V~ have points over any K corresponding to the right 

ideals of  B @F K of dimension n (n + 1)/2 or n (n - 1)/2 respectively. For any 

such right ideal R, the condition that (b ~ t)R -- 0 implies b = 0, is an open 

condition that defines open subsets U~_ V~. Theorem 2.3 above can be 

expanded to show that I n  is isomorphic to the disjoint union of  Ut and U2. The 

idea, of  course, is that the map J --- R (J) is an isomorphism of  varieties. The 

proof of this is neither short (including all details) nor difficult. 

Instead of proving directly that the map in 2.3 is an isomorphism of 

varieties, we proceed in a slightly different manner. Let A / F  be any central 

simple algebra of  degree m and let L _ A be a maximal subfield. Denote by 

el . . . . .  em a basis of  L over F. Let W _ A be an F subspace such that 

L n W = (0) and L + W = A. Choose d ~ W. Let n : A ~ F be the reduced 

norm map andf(xl  . . . .  , Xm) the polynomial rl(xiel  + • • • + Xme m + d).  Asso- 
ciated with L is an affine open subset of  V = the Brauer Severi variety ofA. To 

be precise, let V' be the variety whose K points are the left ideals of  B @ K of 
dimension m 2 -  m. The map taking an ideal to its annihilator defines an 

isomorphism between V and V'. Let U' be the open subset of  1I' whose points 
over any K _ F are the left ideals N E V' such that N n ( L K )  = (0). Let U _ V 

be the corresponding open subset of  V. According to [S], p. 343, there is a 

Zariski open subset of  choices of d such that f ( x l  . . . . .  xm)  is absolutely 

irreducible. Let X be the affine variety defined as the zeroes o f f .  If N ~ .  U' ,  

there is a unique element of  N o f t h e  form c l e t +  • • • + cmem + d .  This defines 
a morphism of  varieties from U to X. It is further shown in [S] that there is a 

Zariski open subset of  choices of  d such that c~el + • • • + cmem + d has rank 

n - 1. With this choice of  d the above morphism is birational and so V and X 

have the same function field F ( X ) .  

We can finally apply all of  this to the particular case at hand. Let Z = 

Z ( F , n , k )  and B = U D ( F , n , k ) .  Use B to form B " = B ~ B ,  B ' ,  BI, a 2 as 

above. Let B r be the generic division algebra with transpose involution, 
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written UDr(F, n, k), and defined in the introduction. Let Z r be the center of  

B r. The definition of  Br  implies that B C_ Br  canonically. Hence Z c_ Z r. Now 

tr.deg Zr  /Z  = tr.deg Zr  /F - tr.deg Z / F  

by 1.11 and [F] so 

1,n2 (n l))  k2 l,n2 l, 

Also note that B r has an involution we will call T, and that B r is the central 

quotient ring of  the F algebra generated by the generic matrices X~ . . . .  , Xk and 

their transposes Xt r . . . . .  X r .  Use B r to form B r as above. Of  course, B r = 

B~Z r. In a similar manner, let B s be the generic division algebra UDS(F, n, k) 

with skew involution. Define Z s, and B2 s in an analagous manner. Our main 

theorem is the following 

THEOREM 2.4. Z r is isomorphic to the function f e l d  o f  the Brauer Severi 

variety o f  Bi over Z.  That is, Z r is isomorphic to the Amitsur generic splitting 

field o f  B~ over Z.  Similarly, Z s is isomorphic to the function field o f  the 
Brauer-Se veri variety (generic splitting field) o f  B2 o vet Z.  

PROOF. Let L be a maximal subfield of  BI with basis e~ . . . . .  em where 

m -- n (n + 1)/2. Choose d E B~ - L as above. Let T be the given involution of  

B r. Define R = R(T)  C_ B r as in 2.3 and let N c_ B~Tbe the left annihilator of  

R.  Since L is a field, R(T)  N L = (0). Let 

z = c~et + • • • + c,.em + d 

be the unique element of  N o f t h a t  form. Arguing again as in [S] p. 343, there is 

a Zariski open subset of  choices of  d in Bl -- L so that z has rank n - I. Then 

R ( T) is the right annihilator ofz .  Set Z '  = Z ( c~ . . . . .  Cm ) C_ Z r. Since z E Bt Z ', 

there is an ideal R'  c_ B~Z' such that R ' Z  r = R(T).  The ideal R'  defines an 

involution of  BZ '  which is the restriction of  T. Thus X r , . . . ,  X r ~ B Z '  and so 

BZ'  = B r. It follows that Z r = Z '  = Z(c~ . . . .  , Cm). 

L e t f ( x ~ , . . . ,  Xm) be the polynomial defined as above using B~, L,  d etc. Since 

Z ' / Z  has transcendence degree m - 1 , fmust  generate the ideal of  polynomials 

with (c~ . . . .  , Cm) as a zero. Thus Z '  is isomorphic to the function field of  the 

variety defined byf .  But this is the function field of  the Brauer Severi variety of  

 r egZT,z(n l)2 1 



Vol. 63, 1 9 8 8  DIVISION ALGEBRAS WITH INVOLUTION 1 13 

B~. Arguing in an exactly parallel way we get the result for B s also, and the 
whole theorem is proved. 

Of  course, neither BI nor B2 above can be division algebras (except when 
n = 2), but are matrices over the division algebra, D, Brauer equivalent to 
B ® B .  Thus Z r and Z s are both rational field extensions of the function field 
of  the Brauer Severi variety of  D. Since n(n + 1)/2 > n(n - 1)/2, it is in fact 
true that Z s is isomorphic to a subfield of  Z r and z r / z  s is rational. 

Section Three: A related construction 

Let F be an infinite field of any characteristic, n = ab and let S be the 
polynomial ring 

F[2t, X~r~ I 1 < l  < b ,  1 <i, j  < n ,  1 < r  < k ]  

Denote by X,~M~(S)  the generic matrix with ( i , j ) -entry x~ r) and let A E  

M~(S) be the diagonal matrix d i ag (g l , . . . ,  At' ~2 . . . . .  A2 . . . . .  /lb) where each 
entry appears a times. We will consider R, the F subalgebra of Mn(S) generated 

by the X's and A. 
We first show that R is a prime domain which is "generic" with respect to a 

certain class of central simple algebras. To begin, let S' c_ S be the polynomial 
ring in the x 's  alone and let R'C_ M,(S')c_ Mn(S) be the F subalgebra 
generated by the X's alone. If  K' is the field of  fractions of  S', then we know 
that R'K'  = M~(K'), and in particular, R'K'  contains the matrix units. Thus if 
K is the field of fractions of S, RK = Mn(K). Thus R is prime. Also, if C is the 
center of R, then C _ K n M~(S) = S. Let Z be the field of fractions of C. It 
follows from standard arguments that Q = R Z  is the central quotient ring of  R 
and is central simple of  degree n with center Z.  

Next we proceed to show in what way R is "generic". To begin this 
discussion, we consider a class of  homomorphisms from R to central simple 
algebras of  degree n. 

Suppose A/F '  is central simple of degree n and F' D_ F. Assume s CA is such 
that F'(s)/F' is a separable field extension of  degree dividing b. Let i t , . . .  , t k 

A be arbitrary. We claim there is an (obviously unique) F algebra map 
: R ~ A  with ¢(A) = s and ~X,)  = t,. To construct ¢, choose a field L '  D_ F'  

such that L ' D_ F'(s), L '/F' is Galois, and L ' splits A. Then A ~ r  L ' ~ Mn(L '). 

We can identify A ® L '  with M~(L') in such a way that s EM~(L')  is a diagonal 

matrix. I f f (x )  is the characteristic polynomial of s and g(x) is the minimal  
polynomial of s, then both are polynomials in F'[s]. Since F'(b) is a field, g(x) 
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is irreducible over F'. Thusf(x)  = g ( x )  a' where a divides a'. Thus each root of  

g(x)  appears in the diagonal matrix s exactly a '  times. After reordering, we can 

write s = diag(sl . . . .  , sb) where duplication is introduced so that each si 

appears exactly a times. Of  course, tr is some matrix (t~°). Define ~ :  S ---L' by 

~l,l(2i) = S i and ~(x~ ')) -- t/~ ~) . Then M,(~)(A) = s and M. (~,)(X,) = G. If we call 

the restriction of M,(~t) to R, then 0 is the required map. Note that it is 
automatically the case that O(Z(R)) c_ F". 

Let us view these maps ~ in another way. Let A/F '  be as above and let L c_ A 

be a subfield such that L/F" is separable of  degree b. Choose L '  ~ L such that 

L' /F '  is Galois and L '  splits A. S is the aifine ring of the affine space, V, of 

degree (b + rn2). Maps from S to L '  can be identified with L '  points of  V, 

which are just the points of  the L '  vector space 

V(L ') = L ' @ L ' @ . . . L ' @ M , ( L  ') @ . . . M , ( L  ') 

(bL's and kM,(L')'s). M a p s ~ , : S ~ L '  such that M , ( ~ ) ( R ) C A  and 
M , ( g ) ( A ) E L  are a subset U C_ V(L'). 

LEMMA 3.1. U is Zariski dense in V. 

PROOF. Since L '  is infinite, V(L')  is dense in V. The conditions on M,(~v) 

defining U say precisely that the point ~v lies in the F '  space L ®A ® • • • ®A 

viewed as a subset of  V(L'). Thus up to a choice of  basis of  V(L'), U is just 
V(F') and is therefore dense. 

We are ready for: 

PROPOSITION 3.2. Let 0 ~ s E C and let A /F '  be a central simple algebra o f  

degree n. Assume L C_ A is a subfieM such that L /F '  is separable o f  degree b. 

Then there is an F algebra map ~ : R ~ A such that O(s ) ~ O, O( C) c_ F', and 

0(A)~L.  

PROOF. Choose a ~:  S - - , L '  in set U above such that ~u(s)÷ 0. This is 

possible since U is Zariski dense and s E S. Let 0 be the restriction of M, (~) to 

R. Since, by definition, M , ( v ) ( S )  c_ L' ,  O(C) c_ A N L '  = F'. This proves the 

result. 

COROLLARY 3.3. Q is a division ring and R is a domain. 

PROOF. Of  course, if Q is a division ring R must be a domain. Suppose Q is 
not a division ring. Then Q = Mr(D) for some division ring D. There is an 

0 v~ s E Z ( R )  such that the (standard) matrix units of  Mr(D) are in R(1/s).  
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Choose F '  _ F and D'/F' a cyclic division algebra of degree n. Clearly, D 

has a subfield L separable of degree b over F'. Choose ~ : R ----D' as in 3.2 such 

that ~ s )  # 0. Then ~ extends to an F algebra map ~ : R(1 / s ) - ,D ' .  But R(1/s) 

has nontrivial matrix units that map to nontrivial such units in D', a 

contradiction. 

REMARK. TO be fully precise, R or Q is generic for the class of  central 

simple algebras A/F '  of degree n with subrings F '  c_ L _ A such that A is free as 

an L module and L / F  is separable of degree b, but L need not be a field. 

In the rest of  this section we will describe the center of  Q as a field of 

invariants with respect to the group Sa Z Sb. TO put those remarks in perspec- 

tive, we mention the following fact. 

LEMMA 3.4. Let L '  ~_ L ~_ F'  be fields such that L ' /F '  has degree n and 

L /F '  has degree b. Then the Galois group o f  a splitting fieM of  L '  over F is 

naturally a subgroup o f  Sa ~ Sb. 

PROOF. Let G be the Galois group of a splitting field of L'/F'.  Then G has 

subgroups H, K c_ G corresponding to L'  and L respectively. We conclude that 

H _ K, [G : H] = n and [G : K] = b. G acts faithfully on the set of  n left cosets 

T = {gHI g E G } via g'(gH) = g'gH. The left cosets of  K partition T onto b 

sets of  a elements each, and G must preserve this partition. But the subgroup 

G' c_ Sn that preserves this partition is isomorphic to Sa l Sb. 

AS a consequence of the above, i fA/F '  is a central simple algebra of  degree 

n with a subfield L C_ A such that L/F '  is separable of degree b, then A is split 
by a Galois extension L"/F'  such that the Galois group of L"/F'  is a sub- 

group of S a ~ S b. 

LEMMA 3.5 (Change of Model). There is a matrix A such that A A A  - 1  = A 

and AXlA -1 is o f  the form 

DI * 

D2 

O Q I 

* 13 

where D~, . . . , Db are a × a diagonal matrices. 

PROOF. Consider the idempotents 
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E l  ~- e l l  + e22 + . . . +eaa, 

E2 ~--" ea + l,a + | + • ° . -31- e2a.2a, . . . , 

Each E~X~E~ is of  the form 

0 

g b  ~ e a b - a + l , a b - a + l  + . . . ~- eab,ab . 

where Y~ is a generic a X a matrix and lies across the diagonal. Let A~ be such 

that A~Y~A~- ~ is a diagonal matrix. Now it is easy to see that 

Am 0 

A2 
A = 

",° 

Ab_ 0 

has the required properties. 

As in the previous sections, we now redefine R by redefining Xt to be as in 

Lemma 3.5, i.e., we assume that x~ ~) = 0 if I < [i - j  I < a - 1. This redefini- 
tion of R replaces it with an isomorphic ring and so does not affect Q or Z.  As 

above, we define M to be the multiplicative abelian group generated by all 

nonzero products of the form 

~ . . . .  'l'~'~ml)''o ,,,2 .~,~m~ 

with the above restriction on the x~ ~. 

LEMMA 3.6. (a) M is a f r e e  abe l i an  g r o u p  of  rank k n  2 - na  + n + 1. 

(b) M is a f a i t h f u l  m o d u l e  f o r  S~ I Sb. 

PROOF. (a) Let B = the free abelian group 

(2,,xb m) l i , j=  1 , . . . , n ,  m = 1 . . . . .  k ; i f m  = 1, t h e n i - - j o r  l i - j l  > a ) ,  

let T -- (h . . . . .  tn) and V =  ( v ) .  M a p a "  B ~  T via 2 i ~  1, x t ~  ~ ~ t i t 7  1 and 
map fl : T ~ V via t~ --- v. Then there is an exact sequence 

I ~ M ~ B - * T ~ V ~ I .  

Hence 
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rk(M) -- rk(B) - rk(T) + rk(V) = n + kn 2 - b(a 2 - a) + 1 - n 

= k n 2 - n a  + n  + 1. 

(b) Sa i Sb is embedded in Sab as 

{ a [ f o r a l l i , j s u c h t h a t [ ~ a l ] = [ J - - ~ a l  ] , 

oa, tsin awayt,,_at [%-"]} ~ ° 

Since S~  c_ GL.b, S,  l Sb acts on n X n matrices by conjugation. As in the 

previous case this induces as action of  S ~ S b  on F[~r, xbm)l: We enumerate 

A, X I , . . . ,  Xk as UI . . . .  , Uk÷~ and let u~ m) = the ( i , j ) -entry of Urn. Then set 

a(u~ m~) = t h e  ( i , j ) -entry of  the conjugate of Un by a. As in the previous 
(m sections ~(u~ m~) = u~(~l,~u~ and so one easily sees that the action is well defined 

and that M is a submodule. 

Now let L = Z(,,I~ . . . .  , ilb) and 

and let K = K~K2. . . Kb. 

L~.MMA 3.7. The degree o f  K over Z is <_N b!(a!) b = O(S. ~ Sb). 

PROOF. The characteristic polynomial for A is (x - 21)". • .(x - 2b)" E 

Z[X]. Since Z is separable (x -~ .~ ) . . .  (x - I b ) ~  Z[x] and so the degree of L 
over Z is < b! 

If El . . . . .  Eb are as in the proof of  Lemma 3.5 then 

E, = l'I (A - 2 j I ) / I I  (2~ - 2 j )~Q ¢~z Z ( 2 , , . . . ,  2b). 
j ~ i  / j * i  

Hence E~X~E~ E Q ~ z  Z ( 2 ~ , . . . ,  2b) and has characteristic equation in L = 

Z ( 2 1 , . . . ,  2b). But the characteristic equation for E~XIEi = I I ( x -  2j), pro- 

duct over 

[ jil 

So the degree of  K~ over L is < a!. The lemma now follows. 
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THEOREM 3. Z = F(M)S,~S~. 

PROOF. Same as Theorem 1.7 using Z c_ F(M)SdS, c_ F(M) C_ L. 

COROLLARY. Z is a unirational field of  transcendence degree kn 2 + na - 
n + l .  
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